Abstract-Phase noise is a clue performance indicator for MEMS-based resonant sensors. The optimal resolution achievable with these sensors is limited by the close-to-thecarrier phase noise resulting from the modulation of noise sources by the mechanical resonator. In this paper, we focus on the effect of a white noise input source on a one-sided capacitive MEMS resonator. We study how the closed-loop phase shift affects its frequency stability. Our study reveals the existence of optimal points, with phase noise minimization and SNR maximization, which cannot be predicted by a traditional thirdorder Taylor-Series approach. We reveal that, due to the modulation of the actuation force by the electrostatic nonlinearity, tuning the closed-loop phase shift to improve the oscillator frequency stability is especially relevant.
I. INTRODUCTION
MEMS resonant sensors are known for their high resolution achievable with small and relatively cheap systems [1] [2] . In these sensors, the measurement process is based on the dependency of the natural frequency of the resonator on the measured quantity. One solution to track this natural frequency is to place the resonator in a self-oscillating loop. However, the resolution of the sensors based on this principle depends on the frequency stability of the closed loop in the presence of noise sources.
Several works have already addressed theories of phase noise in oscillators [3] [4] [5] . The phase noise of MEMS oscillators results from noise injection at different stages, such as the input of the resonator or the feedback electronics [3] . The spectrum of an oscillator is expected to be made of two principal components. One component results from additive white noise at frequencies close to the carrier and eventually the effect of nonlinearities which mix the noise at other frequencies into the pass band of interest. The other main component is due to the long-term parameter variation linked to several reliability issues such as dielectric charging, creep or fatigue [6] . These latter effects are outside the scope of this paper. In this study, we will only focus on the effect of additive white noise introduced by random processes such as thermal fluctuations.
The maximal resolution achievable with a sensor is fundamentally limited by the conversion of amplitude noise into phase noise through the electromechanical transduction [7] . To estimate this optimal performance, a precise model of the resonator is required. Among the studies of phase noise, some have already addressed phase noise models for closedloop electronic MEMS oscillators [8] [9] [10] . One recent study has even focused on the impact of the phase introduced in the feedback loop on the frequency stability of oscillators subject to cubic hardening restoring forces [11] . However, the effects of the electrostatic nonlinearity on capacitive MEMS resonators induce effects which cannot be explained by the presence of a cubic nonlinear force, neither in open-loop [12] , nor in closed-loop systems [13] . None of the aforementioned articles have studied the impact of the feedback phase shift on the frequency stability of oscillators based on capacitive MEMS resonators. This is the main purpose of this paper.
In this study, we estimate the performance of a nonlinear MEMS-based oscillator in terms of frequency stability by computing the variance of the frequency variations like in the work of Sancho et al. [14] . Compared to them, we derive a simple closed-form expression of this variance valid for high-Q MEMS-based oscillators. Finally, we adapt these expressions to capacitive MEMS resonators, which are subject to electrostatic softening. This paper is organized as follows: in Section II, we adapt the theory given by Sancho et al. [14] to a resonator actuated by a linear force but subject to a nonlinear restoring force. We illustrate this approach on a MEMS resonator affected by cubic hardening and study the impact of the operating point on the frequency stability. Finally, in Section III, we generalize this method to a resonator subject to a nonlinear actuation force and take the example of a capacitive MEMS resonator.
II. FREQUENCY STABILITY ESTIMATION
In this section, we study the case of a MEMS-based sinewave oscillator whose resonator is subject to a nonlinear restoring force. The actuation force is firstly assumed to be displacement-independent (i.e. linear).
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Let us consider a resonator subject to static memoryless nonlinear restoring forces placed in a sine-wave oscillation loop. A noise source b is placed at the input of the resonator. The system is depicted in Fig. 1 . The behavior of this oscillator may be described by:
where x is the normalized displacement of the resonator, t=where  is the natural frequency of the resonator and  is the time variable, Q the Q-factor of the resonator, s  the actuation frequency normalized with respect to 0  and b a stochastic noise. The function g corresponds to a nonlinear restoring force. In (1), b will be considered as a small perturbation to the steady-state non-perturbed regime:
where  is the phase between the actuation force and the displacement.
Since we focus on high-Q resonators, the displacement of the resonator will be restricted to its first harmonic. Let us write:
The perturbation of the steady-state regime is supposedly small so that we will assume:
The method of harmonic balance applied to (1) yields to:
Since b is a small perturbation, we write:
). Neglecting the second order terms in A and  leads to: One can notice from (9) that the spectrum of the oscillator is the sum of two components respectively related to the spectrum of the in-phase and quadrature components of the injected noise. This is coherent with the interpretation of the LTV approach developed by Hajimiri and Lee [5] . To calculate S() in the case of white noise, we may write:
where b is the standard deviation of b.
Finally, the optimal performance of the oscillator can be derived by studying the variance of , which is calculated through:
The actuation force of the resonator in a MEMS oscillator always has a component in quadrature with the displacement (otherwise it cannot oscillate). Hence, we will suppose that  is far from 0 or . Since oscillators are usually made of high-Q resonators we will then assume 1  h , which gives:
To operate the resonator in closed-loop, the phase f introduced in the feedback loop has to verify:
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One can estimate from (12) the optimal closed-loop phase shift f to minimize the frequency noise. This is illustrated in the Subsection II.B.
B. Case-study of a resonator subject to cubic hardening
Among the varieties of nonlinearities affecting MEMS resonators [11] , cubic hardening models accurately the increasing stiffness of mechanical resonators at large displacement amplitudes [15] [16].
In Fig. 2 , we study the behavior of a MEMS resonator subject to a cubic nonlinear restoring force estimated from (14) . This situation corresponds to:
The illustration is given for =0.8, Q=100 and b=10 -4 . In order to validate our model, we have performed transient simulations of (1) for different actuation amplitudes F and changed the operating point by choosing the closed-loop phase shift. One can notice, in Fig. 2 , that the variance of  obtained in transient simulations corresponds to our estimation given by (12) . ). The solid lines correspond to the solutions given by (13) and the circles to transient simulations of (1).
As long as the actuation force and the displacement of the resonator are small, the cubic nonlinearity may be neglected. In this case, the optimal phase shift with respect to, on the one hand, the maximal amplitude and, on the other hand, the frequency noise is located at quadrature (blue lines in Fig. 1) .
However, at larger amplitudes, the optimal operating point with respect to the frequency stability starts to shift towards phases far from quadrature. The level at which this phenomenon arises strongly depends on the value of  and Q but it should generally not be misjudged. The same conclusion has been reached by Villanueva et al. [17] where it has been interpreted as the combination of the frequency sensitivity to thermal noise and to the resonator parameter variations (like the quality factor or the Duffing coefficient). However, our analysis shows that the presence of white noise at the input of the MEMS resonator is sufficient to generate a similar effect.
In Section III, we will generalize our method to a nonlinear actuation force and compare the results to the previously studied cubic nonlinear restoring force.
III. PERFORMANCE OF CAPACITIVE MEMS-BASED OSCILLATORS
In this section, we estimate the effect of the closed-loop phase shift f on the frequency stability of a capacitive MEMS-based oscillator. We focus on a one-sided parallelplate capacitive MEMS resonator. The behavior of such a resonator is known to be affected by a nonlinear actuation force which can be written [15] :
where x is the displacement normalized with respect to the gap distance between the electrodes,  the electromechanical transduction coefficient and V0 the amplitude of the actuation voltage normalized with respect to the bias voltage Vb applied on the resonator. Since the actuation force is usually small compared to the bias voltage, we will assume V0<<1. The existing studies relating to the influence of the closed-loop phase shift on the frequency stability of MEMS oscillators have addressed a cubic nonlinear restoring force and a linear force [11] [17] . In the case of a capacitive MEMS, this would correspond to a third-order Taylor series expansion of Fe for x<<1, neglecting all the terms in V0x:
In this case, the approximate behavior of the resonator would be given by:
One can notice that the second-order term of the Taylorseries expansion has no impact on the first harmonic of the displacement x. Thus, the behavior of the electrostatic force at small amplitudes is similar to a cubic nonlinear restoring force described in Section II assuming:
However, at larger amplitude (i.e. when 1  x does not hold), we have to model the system described by:
In this more complex case, the method of harmonic balance detailed in Section II leads to the results presented in Fig. 3 where we compare the results obtained with the Taylor-Series approximation (17) to the ones obtained from the complete expression of the electrostatic force (19). The results are plotted for =-4=-0.04 and 100000  Q which highlight the differences. Fig. 3 -Variance of the frequency instability (left), oscillation amplitude (center) and oscillation frequency (right) with respect to the feedback phase for increasing actuation force amplitudes (F=1×10 -6 (blue), F=2×10 -6 (red) and F=2.5×10 -6 (dark)). The thick lines correspond to the model described by (20) whereas the thin lines relate to the third-order series expansion (17) .
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As shown in Fig. 3 , a similar phenomenon as in Fig. 2 appears, where the best operating point with respect to the frequency stability is not always located at quadrature. However, Fig. 3 highlights that a cubic nonlinear behavior largely underestimates the specific behavior of a capacitive MEMS. Surprisingly, this phenomenon may arise at relatively low amplitudes (e.g. 20% of the gap distance here).
The position of the optimal operating point depends on the resonator characteristics such as the electromechanical transduction coefficient  and the quality factor Q. If the phase shift introduced in the closed loop is not designed properly, improving the signal-to-noise ratio (SNR) by increasing the actuation voltage would lead to poor phase noise performance (see local maximum on the solid dark line in Fig. 3 ). However, a good estimation of the characteristics of the system makes the operation in large amplitude and low phase-noise regimes possible by precisely tuning the closed-loop phase shift.
IV. CONCLUSION
In this paper, we obtained a closed-form expression to estimate the performance of MEMS oscillators in terms of frequency stability. We found out that, with adequate precautions, driving a capacitive high-Q resonator in closed loop into large amplitude regimes may improve the phase noise performances of the oscillator.
The only noise source which has been considered in this work is a white noise (typically thermal noise) placed at the input of the MEMS oscillator. Obviously, the existence of other noise sources, such as flicker or white electronic noises coming from other components placed inside the loop would deteriorate the performance of the sensor. Hence, our study models a best-case scenario which could be interpreted as a fundamental limit. Studying the impact of the noise coming from detection and/or amplifier stages on the global performance of the whole system is the subject of ongoing work.
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